In this paper we consider sequences of polynomials orthogonal with respect to the discrete Sobolev inner product
Introduction
The study of asymptotic properties for general orthogonal polynomials is an important challenge in approximation theory and their applications permeate many fields in science and engineering [30, 32, 40, 41] . Although it may seem as an old subject from the point of view of standard orthogonality [5, 41] , this is not the case neither in the general setting (cf. [16, 17, 30, [36] [37] [38] 40] ) nor from the viewpoint of Sobolev orthogonality, where it remains like a partially explored subject [3] . In fact, in the last ten years this topic has attracted the interest of many researchers [4, 7-10, 12, 13, 19, 22-24, 26, 33-35] .
A Sobolev-type or discrete Sobolev-type inner product on the linear space P of polynomials with real coefficients is defined by
where µ 0 is a nontrivial finite and positive Borel measure supported on the real line, f, g ∈ P, and for k = 0, . . . , d, d ∈ Z + , the matrices A k = (a (k) ij ) ∈ R (1+N k )(1+N k ) are positive semi-definite. We denote by F(c k ) and G(c k ) the vectors F(c k ) = f (c k ), f ′ (c k ), . . . , f (N k ) (c k ) and G(c k ) = g(c k ), g ′ (c k ), . . . , g (N k ) (c k ) , respectively, with c k ∈ R, N k ∈ Z + and, as usual, v t denotes the transpose of the vector v. This notion was initially introduced in [11] for diagonal matrices A k in order to study recurrence relations for sequences of polynomials orthogonal with respect to (1) .
The study of asymptotic properties of the sequences of orthogonal polynomials with respect to particular cases of the inner product (1) has been done by considering separately the cases 'mass points inside' or 'mass points outside' of suppµ 0 , respectively, being suppµ 0 a bounded interval of R or, more recently, an unbounded interval of the real line (see, for instance [7-10, 12, 19, 26] ). The first results in the literature about asymptotic properties of orthogonal polynomials with respect to a Sobolev-type inner product like (1) appear in [27] , where the authors considered d = 0, N 0 = 1, a In [17] , using an approach based on the theory of Padé approximants, the authors obtain the outer relative asymptotics for orthogonal polynomials with respect to the Sobolev-type inner product (1) assuming that µ 0 belongs to Nevai class M(0, 1) and the mass points c k belong to C \ suppµ. The same problem with the mass points in suppµ = [−1, 1] was solved in [39] , provided that µ ′ (x) > 0 a.e. x ∈ [−1, 1] and A k being diagonal matrices with a (k)
ii nonnegative constants. The pointwise convergence of the Fourier series associated to such an inner product was studied when µ 0 is the Jacobi measure (see also [20, 21] ). On the other hand, the asymptotics for orthogonal polynomials with respect to the Sobolev-type inner product (1) with µ 0 ∈ M(0, 1), c k belong to suppµ \ [−1, 1], and A k are complex diagonal matrices such that a
Another results about the asymptotic behavior of orthogonal polynomials associated with diagonal (resp. non-diagonal) Sobolev inner products with respect to measures supported on the complex plane can be found in [1, 4, 7, 28] . On the other hand, results concerning asymptotics for extremal polynomials associated to non-diagonal Sobolev norms may be seen in [29, [33] [34] [35] .
In this paper we deal with sequences of polynomials orthogonal with respect to a particular case of (1). Indeed, µ 0 is the Laguerre classical measure
f, g ∈ P. The matrix A and the vectors F(c), G(c) are
M, N ∈ R + , and the mass point c is located inside the oscillatory region for the classical Laguerre polynomials, i.e., c > 0. Following the methodology given in [7-10, 19, 26] we focus our attention on the representation of these polynomials in terms of the classical Laguerre polynomials. Their asymptotic behavior will be discussed.
More precisely, as it was mentioned above, recent works like [7-10, 19, 26] have focused the attention on the study of asymptotic properties of the sequences of orthogonal polynomials with respect to specific cases of the inner product (1) with 'mass points outside' of suppµ 0 , being suppµ 0 an unbounded interval of the real line. However, to the best of our knowledge, asymptotic properties of the sequences of orthogonal polynomials associated to (2) are not available in the literature.
The structure of the manuscript is as follows. Section 2 contains the basic background about Laguerre polynomials and some other auxiliary results which will be used throughout the paper. In Section 3 we prove our main result, namely the outer relative asymptotic of the Laguerre-Sobolev type orthogonal polynomials modified into the positive real semiaxis. Finally, in Section 4 we deduce the coefficients of the corresponding five-term recurrence relation as well as their asymptotic behavior when the degree of the polynomials is large enough.
Throughout this manuscript, the notation u n ∼ v n means that the sequence { un vn } n converges to certain non zero constant as n → ∞. Any other standard notation will be properly introduced whenever needed.
Background and previous results
Laguerre orthogonal polynomials are defined as the polynomials orthogonal with respect to the inner product
The expression of these polynomials as an 1 F 1 hypergeometric function is very well known in the literature (see for instance, [15, 31, 41] ). The connection between these two facts follows from a characterization of such orthogonal polynomials as eigenfunctions of a second order linear differential operator with polynomial coefficients. The following proposition will be useful in the sequel and it summarizes some structural and asymptotic properties of Laguerre polynomials involving two different normalizations [5, 18, 41] .
n (x)} n≥0 be the sequence of monic Laguerre orthogonal polynomials. Then the following statements hold.
(1) Three-term recurrence relation. For every n ≥ 1
, and β n = 2n+α+1, γ n = n(n + α).
(4) The n-th Dirichlet kernel K n (x, y), given by
satisfies the Christoffel-Darboux formula (cf. [41, Theorem 3.2.2]):
(5) The so called confluent form of the above kernel is given by
n (x)} n≥0 be the sequence of Laguerre orthogonal polynomials with leading coefficient 
Here C k (α; x) is independent of n. This relation holds for x in the complex plane with a cut along the positive real semiaxis, and it also holds if x is in the cut plane mentioned. 
where A k (x) and B k (x) are certain functions of x independent of n and regular for x > 0. The bound for the remainder holds uniformly in [ǫ, ω]. For k = 0 we have A 0 (x) = 1 and B 0 (x) = 0.
Next, we summarize some results about the so called k-iterated Christoffel perturbed Laguerre orthogonal polynomials. They are orthogonal with respect to the inner product
and we will denote by { L
the norm of the n-th degree polynomial in the sequence. Note that the modified Laguerre measure (x − c) k x α e −x dx is positive definite when either k is an even integer or k is an odd number and c is outside the interval [0, +∞). It is very well known that, when k = 1 and c is outside the support of the classical Laguerre measure, i.e., when it is assumed that c is not a zero of L α n (x), these polynomials are actually the monic Laguerre Kernels (8) (see [5, Sec. I.7] ).
We introduce the following standard notation for the partial derivatives of the n-th Dirichlet kernel K n (x, y)
Taking derivatives with respect to y in (7) and considering x = y = c we get
On the other hand,
Remark 2.1 The local character of the Taylor expansions means (14) and (15) hold for every c ∈ R. However, we are only interested in the case c > 0 in order to study the asymptotic behavior of sequences of polynomials orthogonal with respect to the Sobolev-type inner product (2).
The first technical step required for the proof of our main result is the following lemma, concerning the asymptotic behavior as n → ∞ of the above Laguerre kernels at x = c, c ∈ R + , that is, within the oscillatory regime of the classical Laguerre orthogonal polynomials.
Lemma 2.1 For every c > 0, we have
Proof. Taking p = 1 in (12), we have A 0 (x) = 1 and B 0 (x) = 0. Thus, we obtain the behavior of L (α)
We can rewrite the above expression as
where
being a function independent of n. Combining (6) with (16), we get
Let us examine the above expression. Using the trigonometric identity
we have
The last term on the right hand side is
which behaves with n as follows
and, therefore,
Next we study (21) in (19) . Using
we get that (21) becomes
where the first factor is bounded, and the second verifies
From (20) and (22), we conclude
On the other hand, from the Stirling's formula for the Gamma function, we deduce Γ(n + 1)
under the above assumptions we get
Next, we can proceed as above and we obtain the asymptotic behavior given in (14) . For n large enough, we get
The expression in square brackets can be rewritten as
and
As a consequence, taking into account (17), we get
Replacing the above expression in (24) , and using again (23), we conclude
Finally,
The two expressions in square brackets of (26) and (27) can be rewritten respectively, as follows
where the terms of each sumand in the above expresions have the following behavior
Hence, using again (17), we have
Replacing in (25) we conclude,
Outer Relative Asymptotics for c on R +
The main result of this section will be the outer relative asymptotics for the Laguerre-Sobolev type polynomials S M,N n (x), orthogonal with respect to (2), when c ∈ R + . The proof will naturally falls in several parts, which will be established through an appropriate sequence of Lemmas.
First, we will present a well known expansion of the monic polynomials S M,N n (x) in terms of classical Laguerre polynomials L α n (x). The most common way to represent the Laguerre-Sobolev type orthogonal polynomials S M,N n (x) is using the Laguerre kernel and its derivatives as follows (see [25] and Theorem 5.1 in [14] ).
(
where A(n; x) = (x − c) 2 + (x − c)A 1 (n; c) + A 0 (n; c), B(n; x) = (x − c)B 1 (n; c) + B 0 (n; c),
with
Notice that
We will analyze the polynomial coefficients in the above expansion in order to obtain the desired results. If we replace (31) and (32) in (30), we obtain
.
Using (16) and the estimates in Lemma 2.1, we can compute the asymptotic behavior of the previous expressions as follows. Due to the oscillatory behaviour of the cosines functions appearing in the preceding formulas, there are no real numbers β 0 and β 1 such that
for some C 0 and C 1 .
However, we can describe the asymptotic behaviour of our coefficients functions in the following way:
Proposition 3.1 Let A 0 (n; c), A 1 (n; c), B 0 (n; c) and B 1 (n; c) the functions defined by (30) . Then, we have
Proof. The asymptotic behaviour of A 0 (n; c) and B 0 (n; c) is an immediate consequence of the estimates in (33) .
In order to obtain the asymptotics for A 1 (n; c) and B 1 (n; c), we joint up the terms
Taking into account that the previous expressions tend to 1 as n tends to infinity, we obtain the desired result.
We can now formulate our main result.
Theorem 3.1
The outer relative asymptotics for Laguerre Sobolev-type polynomials S M,N n (x), orthogonal with respect to the discrete Sobolev inner product (2), is
uniformly on compact subsets of C \ R + .
Proof. Replacing (29) in (28)
From the Perron's formula (11) (for more details we refer the reader to [ 
For monic polynomials (10) the above relation becomes
By using (35) we can rewrite (34) as
Then, in order to conclude our proof, we only need to check that
By applying Proposition 3.1, we obtain (36) . From (33), we get
Since this expression tend to zero as n tends to infinity, then (37) hold.
The five-term recurrence relation
This section is focused on the five-term recurrence relation that the sequence of discrete Laguerre-Sobolev orthogonal polynomials { S M,N n (x)} n≥0 satisfies.
Next, we will estimate the coefficients of such a recurrence relation for n large enough and c ∈ R + . To this end, we will use the remarkable fact, which is a straightforward consequence of (2) , that the multiplication operator by (x−c) 2 is a symmetric operator with respect to such a discrete Sobolev inner product. Indeed, for any
Notice that [2] .
An equivalent formulation of (39) is
We will need some preliminary results that will be stated as Lemmas 4.1, and 4.2.
, the connection formula (28) reads as
Proof. We begin with the expression
according to (4) and the definition of β n and γ n in (4).
From the expression of A(n; x) in (29) , the next step is to expand the poly-
Adding these coefficients to those of (41), we obtain
where we have used Proposition 3.1. In a similar way, for B(n; x) in (29) we get
2 , e n = γ n−1 B 1 (n; c) ∼ n 3 .
As a conclusion,
This completes the proof. 
where B 1 (n; c) is the polynomial coefficient defined in (30) .
Proof. First, we notice that
for every monic polynomial Π n−2 of degree n − 2 . From (40)
Next we use the connection formula (28) . Taking into account that A(n; x) is a monic quadratic polynomial and B(n; x) is a linear polynomial with leading coefficient B 1 (n; c),
The first term in the above expression is the norm of the monic Laguerre polynomial of degree n and the second one is the norm of the Laguerre polynomial of degree n − 1 times B 1 (n; c), which is given in (30) . This means
Using the estimates (5) We are ready to find the five-term recurrence relation satisfied by S M,N n (x), and the asymptotic behavior of the corresponding coefficients. Next, we will focus our attention on its proof. 
Thus, λ n,k = 0 for k = 0, . . . , n − 3. We are dealing with monic polynomials, so the leading coefficient λ n,n+2 = 1.
To obtain λ n,n+1 , we use the connection formula (28), with coefficients A(n; x) and B(n; x) as in (29) . Thus, In order to compute λ n,n , from (28) and (29) +A 0 (n; c) + B 1 (n; c).
But, according to (38) , (40) − (β n−1 − c).
As a consequence, we get λ n,n =c n || L A similar analysis yields
